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Eftfective Diffusivities Within Oceanic Thermohaline Staircases

DAN KELLEY
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A scale for the thickness of layers in regular “diffusive”-type thermohaline staircases, derived from
dimensional analysis, is found to collapse oceanic data. Combining this scale with laboratory-derived
double-diffusive flux laws, we formulate effective diffusivities for salt, heat, and density. The diffusivities
depend on the Turner number R, but are independent of the Hrum Vaisala frequency. For R, near | thc
dlﬂ'uswmes for salt and heat are apprummate]y equal (~10"* m? s~ '). They decrease rﬂughl:f as R~

and R,

1. INTRODUCTION

In oceanic regions where the vertical gradients of salinity S
and potential temperature 0 share the same sign, “thermoha-
line staircases” are sometimes observed. These systems, com-
prising well-mixed layers separated by thin horizontal inter-
faces, are called “diffusive” staircases if both S and 6 increase
with depth or “finger™ staircases if both § and @ decrease with
depth (see Twurner [1973] for a general introduction). In this
paper we will explore the possibility of parameterizing the
double-diffusive fluxes of § and 6 in thermohaline staircases.
The restriction to staircases having regular, well defined steps
makes this analysis separate from that of intermittently steppy
structures [ Schmitt and Evans, 1978].

The fluxes of heat and salt across double-diffusive interfaces
depend upon molecular properties of the fluid and the poten-
tial temperature and salinity differences (A@ and AS) across the
interfaces [ Turner, 1973]. Since AS and A# can be obtained
from the product of the layer thickness H and the vertically
smoothed (overbar) gradients 5/3z and 80/dz, the only small-
scale quantity involved in the flux laws is H. Consequently, a
formulation of the fluxes in terms of large-scale quantities
requires the parameterization of H.

In section 2 a scale H, for layer thickness is found by di-
mensional analysis. The success of this scaling in the case of
oceanic “diffusive™ staircases motivates our formulation of ef-
fective diffusivities in terms of G, the scaled layer thickness
(section 3). Section 4.1 describes an empirical parameterization
of H and of the diffusivities for heat, salt, and density, based
on oceanic data. In section 4.2 the oceanic observations are
compared with laboratory studies of the formation of thermo-
haline staircases.

2. LAYER THICKNESS

2.1. Dimensional Analysis

An intrinsic layer thickness scale H, can be derived using
molecular properties of the fluid and thermohaline character-
istics of the staircase smoothed over a vertical interval much
greater than H, We suppose that H, is not fixed by external
factors such as internal waves, noting that the justification of
this and subsequent assumptions rests upon the ability of the
derived scale to collapse oceanic data.

We assume that horizontal variations do not determine H,,.
This 1s in contrast to the (much larger) vertical scale of
double-diffusive intrusions across thermohaline fronts, which
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?, respectively, over the oceanic range 1 < R, < 10.

may be determined by horizontal variations of § and 6 [Rud-
dick and Turner, 1979; Toole and Georgi, 1981; Holyer, 1983].
Perhaps H, will apply to the staircases often observed bound-
ing the thicker intrusions [ Gregg and Sanford, 1980].

The time scale of the movement of a convecting fluid parcel
is small compared with the inertial period, so that the Coriolis
parameter cannot be involved in H, Only the Brunt-Vaisala
frequency N is available to provide a time scale. The relative
contributions of salinity and temperature to N are indicated
by the Turner number

R, = (B2S/3z)/(200/0z)

where « = —p~'dp/060 and B = p~'8p/aS are the coefficients
of thermal expansion and haline contraction. Because no hy-
drographic characteristics involve a length scale, some molec-
ular property of the fluid must combine with N to give H,.
For this role we select the molecular diffusivity for heat x.,
while incorporating the molecular viscosity v and the diffusi-
vity for salt kg into the Prandtl number (¢ = v/k;) and the
Lewis number (t = Kk /kg).

Given these parameters of the system, the intrinsic layer
thickness scale is

Hy = (k4/N)'"? (1)
Thus the layer thickness is predicted to scale according to

H = GH, = G(xr/N)"? (2)

Here G = G(R,, o, 1) is a function to be determined. If (2)
collapses oceanic data, then the double-diffusive fluxes can be
calculated with only molecular properties of the fluid (x, o
and 1) and large-scale thermohaline properties of the system
(N and R).

Before testing (2) against oceanographic data, it is worth-
while to point out that any intrinsic length scale should have
the same functional form (i.e, [(molecular diffusivity or vis-
cosity)/(a stability parameter)]'/?). We will list some examples
of the “fingers™ case, which is more amenable to analysis than
the “diffusive” case because finger motion is simple and well
constrained. A well-known example is the width of salt fingers
with maximal growth rate [Stern, 1975, equation (11.2.12)]. A
second example is Stern’s [1969, equation (5.10)] prediction of
“finger” layer thickness, based on a similarity theory which
also predicts that the effective diffusivity for salt should be
constant (in contrast to oceanic evidence that it varies with the
Turner number over 2 to 3 orders of magnitude [Schmitt,
1981]). A third example is the thickness of “fingering” layers
subject to “collective instability” [Stern and Turner, 1969,
equation (11)]. This process, first discussed by Stern [1969]
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